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High-Resolution Scalar Quantization
With Reény1 Entropy Constraint

Wolfgang Kreitmeier and Tamas Linder, Senior Member, IEEE

Abstract—We consider optimal scalar quantization with rth
power distortion and constrained Rényi entropy of order «. For
sources with absolutely continuous distributions the high rate
asymptotics of the quantizer distortion has long been known for
a = 0 (fixed-rate quantization) and « = 1 (entropy-constrained
quantization). These results have recently been extended to quan-
tization with Rényi entropy constraint of order « > »r + 1. Here
we consider the more challenging case o € [—oc,0) U (0,1) and
for a large class of absolutely continuous source distributions
we determine the sharp asymptotics of the optimal quantization
distortion. The achievability proof is based on finding (asymptot-
ically) optimal quantizers via the companding approach, and is
thus constructive.

Index Terms—Companding, high-resolution asymptotics, op-
timal quantization, Rényi entropy.

I. INTRODUCTION

ITH the exception of a few very special source distri-

butions the exact analysis of the performance of op-
timal quantizers is a notoriously hard problem. The asymptotic
theory of quantization facilitates such analyses by assuming that
the quantizer operates at asymptotically high rates. The sem-
inal work by Zador [31] determined the asymptotic behavior
of the minimum quantizer distortion under a constraint on ei-
ther the log-cardinality of the quantizer codebook (fixed-rate
quantization) or the Shannon entropy of the quantizer output
(entropy-constrained quantization). (See [12] for a historical
overview and related results.) Zador’s results were later clar-
ified and generalized by Bucklew and Wise [5] and Graf and
Luschgy [9] for the fixed-rate case, and by Gray et al. [11] for
the entropy-constrained case.

Recently, approaches that incorporate both the fixed and
entropy-constrained cases have been suggested. In [10] a La-
grangian formulation is developed which puts a simultaneous
constraints on entropy and codebook size, including fixed-rate
and entropy-constrained quantization as special cases. Another
approach that has been suggested in [10] and further devel-
oped in [18], [19] uses the Rényi entropy of order « of the
quantizer output as (generalized) rate. One obtains fixed-rate
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quantization for & = 0, while & = 1 yields the usual (Shannon)
entropy-constrained quantization approach.

The choice of Rényi entropy as the quantizer’s rate can
be motivated from a purely mathematical viewpoint. In the
axiomatic approach to defining entropy, Rényi’s entropy is a
canonical extension of Shannon-entropy, satisfying fewer of
the entropy axioms [1], [26]. From a more practical point of
view, the use of Rényi entropy as quantizer rate is supported by
Campbell’s work [6], who considered variable-length lossless
codes with exponentially weighted average codeword length
and showed that Rényi’s entropy plays an analogous role to
Shannon entropy in this more general setting. Further results
on lossless coding for Rényi entropy were obtained in [24].
Jelinek [16] showed that Rényi’s entropy (of an appropriate
order cv € (0,1)) of a variable-length lossless code determines
the encoding rate for a given reliability (exponential decrease
of probability) of buffer overflow when the codewords are
transmitted over a noiseless channel at a fixed per symbol
rate. At least in such situations, measuring the quantizer’s rate
by Rényi’s entropy is operationally justified. An overview of
related results can be found in [2]. The diverse uses of Rényi’s
entropy (and differential entropy) in emerging fields such as
quantum information theory (e.g., [15]), statistical learning
(e.g., [17]), bioinformatics (e.g., [21]), etc., may also provide
future motivation for this rate concept.

The only available general result on quantization with Rényi
entropy constraint appears to be [18] where the sharp asymp-
totic behavior of the rth power distortion of optimal d-dimen-
sional vector quantizers has been derived for «« € [1 4 r/d, o0].
The proof shows that for these av values the optimal quantiza-
tion error is asymptotically determined by the distortion of a
ball with appropriate radius around the most likely values of
the source distribution. Thus it suffices to evaluate the rth mo-
ment of this ball (see [18, Theorem 4.3]), which remarkably
simplifies the derivation and makes the case &« > 1 4 r/d
quite unique. In the classical (« = 0 and o« = 1) settings,
the contributions of the codecells of an optimal quantizer to the
overall distortion are asymptotically of the same order. Bounds
on the optimal performance in [18] suggest a similar situation
for @« < 1+ r/d, making the problem more challenging than
the case o« > 1 + r/d.

In this paper, at the price of restricting the treatment to the
scalar (d = 1) case, we are able to determine the asymptotics
of the optimal quantization error under a Rényi entropy con-
straint of order o« € [—o0, 0) U (0, 1) for a fairly large class of
source densities. The achievability part of the proof (providing a
sharp upper bound on the asymptotic performance) is construc-
tive via companding quantization. In particular, we determine
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the optimal point density function for each & € [—o0,1 + )
and provide rigorous performance guarantees for the associated
companding quantizers (for « = 0 and @ = 1, these results
have of course been known). Matching lower bounds are pro-
vided for & € [—oc,0) U (0, 1), which leaves only the case
a € (1,1 + r) open. We note that in proving the matching
lower bounds, one cannot simply apply the techniques estab-
lished for &« = 0 or & = 1. In our case the distortion and Rényi
entropy of a quantizer must be simultaneously controlled, a dif-
ficulty not encountered in fixed-rate quantization. Similarly, the
Lagrangian formulation that facilitated the corrected proof of
Zador’s entropy-constrained quantization result in [11] cannot
be used since it relies on the special functional form of the
Shannon entropy. On the other hand, using the monotonicity in
o of the optimal quantization error, one can show that our re-
sults imply the well-known asymptotics for o € {0, 1}, at least
for the special class of scalar distributions we consider.

The paper is organized as follows. In Section II we intro-
duce the quantization problem under a Rényi entropy constraint
and review some definitions and notation. In Section III, after
summarizing some related work, we state our main result. The
next three sections are devoted to developing the machinery
needed in the proof. Section IV presents results on the asymp-
totic distortion and Rényi entropy of companding quantizers,
which, with the proper choice of the compressor function in a
Bennett-like integral, will turn out to be (asymptotically) op-
timal. In Section V technical results needed mostly for estab-
lishing lower bounds are developed. Section VI presents upper
and lower bounds on the optimal quantization error for mix-
ture distributions. Section VII contains the proof of the main
results. Section VIII contains concluding remarks and a dis-
cussion on extending the results to vector quantization. All the
longer, technical proofs of the auxiliary results are relegated to
the appendices.

II. PRELIMINARIES AND NOTATION

We begin with the definition of Rényi entropy of order «.

Definition 2.1: Let N := {1,2,...}. Let « € [—00,00]
and p = (p1,p2,...) € [0,1]N be a probability vector, i.e.,
S, pi = 1. The Rényi entropy of order av, H%(p) € [0, 0],
is defined as (see [1], [26, Definition 5.2.35] and [14, p. 1])

171(.&1 log < Z p?) ’
:p; >0

oc
— 2 pilogp;, =1
/'—1

(2

a e R\ {1}

— l(;g (max{p; : 1 € N}), a =00
| —log (inf{p; : 4 €N, p; > 0}), a=—oc.
We use the conventions 0 - log0 := 0 and 0° := 0. All

logarithms are to the base €.

Remark 2.2:
(a) With these conventions we obtain

H(p) = log (card{i e N : p; > 0}),
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where card denotes cardinality. Using I’Hospital’s rule it
is easy to see, that the case v = 1 follows from the case
a # 1 by taking the limit @ — 1 (see, e.g., [1, Remark
5.2.34]). Moreover, one has

lim H*(p) = H*(p),

— O

lim H"(p) = H >(p).

x— —OC

(1

(b) We note that the usual definition of Rényi entropy is
restricted to nonnegative values of the order a.. However,
it will turn out that the case @ < 0 can be handled
without too much additional technical difficulties, and
we believe that this generalization may turn out to have
useful implications.

Now let d € N and X be an R?-valued random variable
with distribution p. Let | € Nand S = {S; : i € [} be a
countable and Borel measurable partition of R?. Moreover let
C = {c; : i € I} be a countable set of distinct points in R?.
Then (S,C) defines a quantizer q : R* — C such that

g(z) = ¢ if and only if xz € S;.
We call C the codebook and the ¢; the codepoints. Each S; € S'is
called codecell. Clearly, C = q(R%) (the range of q). Moreover

S={q '(2): 2 € q(R)}

where ¢ 71(z) = {z € R? : g(z) = z}. Let Q  denote the
set of all quantizers on R%, i.e., the set of all Borel-measurable
mappings ¢ : R* — R? with a countable number of codepoints
q(R?). The discrete random variable ¢(X) is a quantized ver-
sion of the random variable X whose distribution is denoted
by 1 o ¢~'. In measure-theoretical terms the image measure
1oq ! has a countable support and defines an approximation of
1, the so-called quantization of 4+ by ¢. With any enumeration
{i1,i2,...} of | we define

Hﬁ(q) = Ha(l"(s’il)v M(Siz)'/ - ) (2)
as the Rényi entropy of order «v of ¢ with respect to . We intend
to quantify the error in approximating the original distribution 1
with its quantized version zz0q ~1. To this end let ||-|| be any norm
on R and p : [0,00) — [0, oc) a strictly increasing function.
For ¢ € Q4 we measure the approximation error between X
and ¢(X), respectively, 1z and y1 0 ¢ 1, also called the quantizer
distortion, as

Dula) = EnllX a0 = [ ollle = ata)l) du(o)
For any B > 0 we define

Dy (R) =inf{D,(q) : q € Qu, H;(q) < R} 3)
the optimal quantization distortion of ¢ under Rényi «-entropy
bound R. We note that D} (R) is a nonincreasing function of «
(see Lemma 2.3).

We call a quantizer ¢ optimal for g under the entropy con-
straint R if D, (¢) = Dy(R) and H;(q) < R. In the rest of
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this paper we focus on the one-dimensional case (scalar quan-
tizers, d = 1) and the so-called rth power distortion measure
p(x) = 27, where + > 1. Thus the distortion of quantizer
g € Q is given by

Dyla) = EIX — 4(0F = [ o~ a(o)]" du(o).

For simplicity we write Q1 = Q. Also, let Q¢ C Q denote
the set of all scalar quantizers with finitely many codecells, each
of which is an interval, and such that every codepoint lies in
the closure of the corresponding codecell. The following lemma
(proved in Appendix A) presents two key properties of optimal
quantization under Rényi entropy constraint.

Lemma 2.3: Forall R > Oand o, 8 € [—o0, oc] with § < a,
we have

DJ(R) > Dy (R). 4

Assume that £|X|" < oo and p is nonatomic. Then for all
R > 0and o € [—oc, 0], we have

D (R) =inf{D,(q) : ¢ € Q°, H(q) < R} )
while for all & € (0, oc]
Dy(R) =inf{D,(q): g€ Q% H(q) = R}.  (6)

The second statement of the lemma says that under the
given conditions the optimum quantizer performance can be
approached arbitrarily closely by quantizers in Q°. For this
reason, in the rest of the paper all quantizers will be assumed
to belong to Q°; in particular, we only consider quantizers with
finitely many interval cells. According to (6), when «x € (0, 0]
it suffices to consider only those quantizers in Q¢ whose
entropy attains R.

From [18, Thm. 5.2] it is known that for & € [0, 1] the product
e"®D%(R) remains bounded and is bounded away from zero
as & — oc. This motivates the following notion of quantizer
optimality that will play an important role in our work.

Definition 2.4: Let (¢, )nen C Q be a sequence of quantizers
such that H¢(gn) — oc asn — oo. If ¢ TDY(R) — c as
R — oc for some ¢ € (0, 00) and

nlglgo D (g,) = ¢, @)
then we call (¢, )nen an asymptotically optimal sequence of
quantizers for p.

We denote by A the one-dimensional Lebesgue measure. For
a measurable real function f on R and measurable nonempty
set A C R, essinfy f = sup{d : A({z € 4 : f(z) <
b}) = 0} denotes that the essential infimum of f on A. Sim-
ilarly, csssup, f = inf{b : A({z € 4 : f(z) > b}) = 0} is
the essential supremum of f on A. We let supp() denote the
support of v defined by

supp(p) = {z : p((z — e,z +¢)) > 0for alle > 0}.

Note that supp(y) is the smallest closed set whose complement
has ¢ measure zero. We will often deal with the situation where
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supp(y) is contained in a bounded interval I. In such cases, we
usually leave a quantizer ¢ € Q undefined outside 7, as we may
since u(R\ I) = 0.

Let Z denote the set of all integers and assume A > 0. The in-
finite-level uniform quantizer §a on R has codecells {(¢A, (¢ +
1)A] : i € Z} and corresponding codepoints that are the mid-
points of the associated cells, so that Ga(z) = (3 + 1/2)A if
and only if x € (A, (i + 1)A].

III. MAIN RESULTS

First we summarize the known results regarding the sharp
high-rate asymptotics of the distortion of optimal scalar quan-
tizers. In order to unify the treatment, we reformulate the clas-
sical (resolution and entropy) rate constraints in terms of the
Rényi entropy with appropriate order. For r > 0 we let

1

" =G

Theorem 3.1 (5], [9], [11], [18], [31]): Letr > 1 and
it = pg + 15 be the Lebesgue decomposition of distribution
1 of the scalar random variable X with respect to the one-di-
mensional Lebesgue measure A, where p, denotes the abso-
lutely continuous part and p, the singular part of p. Assume
that y1,(R) > 0 and let f = dé;\“ be the density of .

(i) If @ = 0 and E|X|"T® < oo for some § > 0, then

—0oC

. 14r
lim ¢"®DY(R) = C(r) ( / f s dA) . ®

(i) Ifa = 1, ps(R) = 0, [ flog f dA exists and is finite, and
H(ga) < oo for some A > 0, then

Jim_ e RDL(R) = C(r)e " 1P, ©
(iii) If @ € [1 + 7, 0], 1s(R) = 0, E|X|"*% < oo for some
& > 0, and esssupg f < oc, then

lim eIHIORDE(RY = C(r) (esssuprf) ",
where 3{a) = («—1)/aifa € [1+7,50) and F{a) =1
ifa = oo,

Note that f is a probability density function if and only if
1s(R) = 0. Part (i) of the theorem is originally due to Zador
[31] who considered the multidimensional case; corrected and
generalized proofs were given by Bucklew and Wise [5] and
Graf and Luschgy [9]. Part (ii) is also due to Zador [31] with
corrections and generalizations by Gray ef al. [11]. Part (iii) is
due to Kreitmeier [18] who also gave upper and lower bounds
for the case o € (1,1 4 7).

Definition 3.2: A one-dimensional probability density func-
tion f is called weakly unimodal if f is continuous on its support
and there exists an gy > 0 such that {« : f(x) > [} is a compact
interval for every I € (0,lp).

Remark 3.3: Note if f is weakly unimodal density, then it
is bounded and its support is a (possibly unbounded) interval.
Clearly, all continuous unimodal densities are weakly unimodal.
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Thus the class of weakly unimodal densities includes most para-
metric source density classes commonly used in modeling infor-
mation sources such as exponential, Laplacian, Gaussian, and
generalized Gaussian densities.

For o € (—oc, 7+ 1) \ {1} we define

1l—a+ar l—a+r
a = —, ag = ———.

10
l—a+7r"’ 1- (10)

The following is the main result of the paper.

Theorem 3.4: Let r > 1 and assume that the distri-
bution p of X is absolutely continuous with respect to A
having density f. Assume that esssupg f < oc and let
M = (inf(supp(s))),sup(supp(y))). In either of the fol-
lowing cases:

() @ € (0,1), E|X|"*® < oo for some § > 0, and f is

weakly unimodal,

(i) a € (—oc,0),essinfas f > 0 and f is continuous on M,
we have

lim e”RD;;(R):O(r)< ‘ o dA) (11)

R—o0 M

Ifessinfa; f > 0 and f is continuous on M, then

lim ¢"*D, *(R) = C(r) (/ frr d/\> . (12)
o0 M

The proof of the theorem is given in Section VII. Upper
bounds will be established using a companding approach,
while matching lower bounds are developed by considering
increasingly more general classes of source densities.

Remark 3.5:

(a) Note that if we formally substitute &« = 0 in (11), it re-
duces to (8). Moreover, it is easy to show that (11) re-
duces to (9) if « — 1. Due to monotonicity of the quan-
tization error (Lemma 2.3) and by the upper bound for
the quantization error for « € [—o0,1 + #) (Corollary
4.11) one can rigorously show that the known asymptotics
for o € {0,1} also follow from Theorem 3.4, at least in
the scalar case and under our restrictions on the source
density.

(b) The results of the theorem can be expressed in terms of the
Rényi differential entropy h® (p) = 2= log( [ f* dA) of

fe3

order «« # 1. It is easy to check that (11) can be rewritten

as
lim_ e BDX(R) = C(r)er™ ). (13)
Setting a1 = limg oo 111?:'_‘?" =1-7rfora =—c0,

we also obtain (12) from the above expression. Also, for

a = 0 we have a1 = 1—&-%’ and (13) reduces to (8); while
for « = 1, we have a3 = 1, and we formally get back
(9) since limg, 1 A" (1) = () = — [ flog fdA (cf.
Section IV-B). Thus (13) expresses the old and the new
asymptotic results in a unified form.

(c) Since essinfp; f > 0 the right hand side of (12) is finite.

For the same reason, the right hand side of (11) is finite
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for all « < 0. For & € [0, 1) the right hand side of (11)
can be shown to be finite by an application of Holder’s
inequality as in [9, Remark 6.3 (a)].

(d) The weak unimodality and continuity conditions on f are
the results of our approximation techniques in proving
lower bounds and are probably not necessary. In fact, with
a a little tweaking of the companding approach in the next
section one can show that the right hand sides of (11) and
(12) still upper bound the asymptotic performance if these
conditions are dropped.

(e) Note that condition (ii) implies (i). Also, the right hand
side of (11) converges to the right hand side of (12) as
o — —00.

(f) The condition » > 1 is needed in the proof of the lower
bounds on Dj;(R) where [19, Thm. 3.1] is invoked (see
Proposition 7.2). The upper bounds only need » > 1 (see
Section 1V).

IV. DISTORTION AND RENYI ENTROPY ASYMPTOTICS OF
COMPANDING QUANTIZERS

A. Companding Quantizers

Let N > 2 and Qn € Q denote the N -level uniform scalar
quantizer with step size 1/N for sources supported in the unit
interval [0}, 1] defined by Qn(z) = 1/2N ifz € [0,1/N] and

e A S T
T e L
v N 'N

N 2N
for ¢ =2,...,N, The compressor G derived from a proba-

bility density g on the real line is the function

s= [

Thus the increasing function G : R — [0, 1] is the cumulative
distribution function associated with the density g. The gener-
alized inverse (¢ of (i is defined by

Qn(z) = (14)

g(y) dA\(y). (15)

G(y) == sup{z : G(z) <y} = max{z : G(z) < y}

fory € (0,1). Note that if g is positive almost everywhere with
respect to A (a.e. for short), then G is strictly increasing and G
is its (ordinary) inverse.

In this paper we will work only with compressor densities g
having compact support, i.e., if v denotes the measure induced
by g, then supp(v) is bounded. Thus we can extend the defini-
tion of G onto [0, 1] by letting

@(0) := min{supp(r)} and é(l) := max{supp(v)}.

The N-level companding quantizer (04~ associated with g is
defined on [G(0), G(1)] by

Qgx(x) = G(Qn(G(2))).

Note that the cgdecells of (4 n are N intervals I y, ..
with I1 xy = [G(0),G(1/N)] and

AN

Iy = (GG~ 1)/N). GG/
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The corresponding quantization points are G((2i—1)/2N), i =
1....,N.

Remark 4.1:
(a) The function g is often called the point density for
(4.~ () since it has the property that for any a < b,

b

1
Jim Seard(@ux (b)) =

a

g(z) dA(z).

(b) If Py is an arbitrary N-level quantizer on R having
convex (interval) codecells, then it can be implemented
as a companding quantizer. In particular, there exists a
positive point density g such that Py(z) = (4 n(2)
for all (except perhaps a finite number of) € R (any =
such that Py (x) # (4 n(2) is a cell boundary for both
quantizers).

The following result represents the error asymptotics of the
compander if the number of output levels increases without
bound. The result originates with Bennett [3] for » = 2 and has
appeared in the literature in several different forms (but most
often without precise conditions and a rigorous proof); see [12]
for a historical overview. The proof is given in Appendix A and
follows the development in [22] which gives a rigorous proof for
the limit (16) under different conditions that include the conti-
nuity of g and certain tail conditions, but allow f and g to have
unbounded support.

Proposition 4.2: Let X be a random variable with distribu-
tion i which is absolutely continuous with respect to A and let f
denote its density. Let G be a compressor with point density g.
Assume that the support of x is included in a compact interval
1 such thatessinfr g > 0 and g(2) = 0 a.e. on R \ 1. Then for
r>1

lim N"D,(Qun)=C(r) / %d/\. (16)
I

N—o0

Remark 4.3: Since essinf; g > 0 we know that z is abso-
lutely continuous with respect to gA and |, qf—r d\ < co.

B. Rényi Entropy Asymptotics of Companding Quantizers

In order to be able to construct asymptotically optimal com-
panding quantizers [cf. (7)], in addition to the asymptotic dis-
tortion, we also have to control the quantizer’s entropy, at least
for high rates. In this section we derive a result (Proposition 4.8)
which asymptotically describes the Rényi entropy of the com-
pander as a function of the number of quantization points. Let
14 denote the indicator function of A C R.

Definition 4.4: Let p  be absolutely contin-
uous with respect to A with density f and define
M = (inf(supp(p)), sup(supp(p))). Let &« € [—oc, o] and
assume that

(i) Laupp(u) f« is integrable if « € R\ {1},

(ii) essinfp; f > 0 if @ = —cc,

(iii) flog f is integrable if @ = 1,
(iv) esssupgp f < oc if @ = +o0.
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Then the Rényi differential entropy of order «x of 1 is defined by

ﬁ log(fsupp(ﬂ) fa d/\)v a€eR \ {1}
() =< — J flog fdA, a=1

— log(ess supg f), =00

— log(ess inﬂw f), o = —0Q.

Remark 4.5: Just as in the case of Rényi entropy (see Remark
2.2) the mapping [—oc0, o0] 3 o — h™(4) is continuous for the
differential entropy.

Recall that §a denotes the infinite-level uniform quantizer
with step-size A > 0. Recall M from Definition 4.4 and let
A(A, M) = {a € Ga(R) : 5" (a) C M} and

>

a€A(A,M)

qan(-) = a- 1&;1(«)(')'

The following result is due to Rényi [27] and Csiszar [8] for
a € (0, 00). The proof for @ € [—0, 0] is given in Appendix A.

Lemma 4.6: Let 1 be absolutely continuous with respect to A
having density f. Let &« € [—00, 50) and assume that the Rényi
differential entropy of order v of s exists and is finite. Assume
that H}(Ga) < oo for some A > 0. If o € (—00, 00), then

lim (H(Ga) + log(A)) = h*(n).

Moreover

lim (H,%(Ga,a0) + log(A)) = h™>(p).
Next we define the Rényi relative entropy between two prob-
ability measures for the case where both have densities.

Definition 4.7: Let p and v be probability measures which
are absolutely continuous with respect to A. Denote by f and g
the densities of /1 and . Moreover, assume that y is absolutely
continuous with respect to 7 and, therefore, we assume w.l.o.g.
that {g = 0} C {f = 0}. Setting

and M = (inf(supp(p)), sup(supp(p)))

E={f>0}

the Rényi relative entropy of order a between the distributions
i and 1 is defined as

;—llog(fE frgl-e dx)7 o eR\ {1}

Dapllv) = fEflog%d/\, a=1
log(esssupg %) @ =00
log(essinf 3y 5) a = —oo.

a7)
(For D_.(p]|v) to be well defined, we need the condition
essinfps f > 0.)
The following result determines the asymptotics of the Rényi
entropy of a companding quantizer.

Proposition 4.8: Let o« € [—00, 00). Suppose 1 and v are as
in Definition 4.7 and D, (1:||v) < oo. Then

lim

N—oc

(#1:(Q06) 108 ) = ~Dulul)
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Remark 4.9:

(a) For the sake of distortion analysis we previously specified
that ¢ has bounded support, but in this proposition the only
condition on f and g is the finiteness of D, {p||v/).

(b) In a sense, the proposition generalizes Lemma 4.6. In-
deed, if the support of x is included in a compact interval
I and g is the uniform density on /, then ¢, v is the uni-
form quantizer of step-size Ay = A(I)/N over I, and
the proposition reduces to Lemma 4.6 (for the sequence
of step-sizes Ay).

Proof: Recall the definition of the compressor G from (15).
We proceed in two steps.
1. We show that h*(p o G~
[—o0, 20).
Let o € (—oc,0c) \ {1} and let f¢ be the density of
1o G ! (see Lemma A.1 in Appendix A). Definition 4.4
and Lemma A.1 imply

B = —D,(u||v) for every a €

R¥(pno G™1)
1 i 5 10%/(&:)“ A
- ia log /(f(é’(y))G"(y))fM dA(y)

1
g 1°g<./;_1(,;) FGw) 9(Gy)*E (y) fm(w)

1 i o o8 (/E Fla)g(a)t = dx\(x)) _

where in the penultimate equality we used again the chain
rule for the Lebesgue integral (see [30, Corollary 4]),
which is applicable due to the monotonicity of G and the
1ntegrab111ty of f®¢'~* (which follows from the finiteness
of D,(]|v)). Note that the above chain of equalities
implies that (fg)™ is integrable. One can deduce the
assertion of step 1 for &« € {—o0,1} in a very similar
manner.

2. Now we prove the assertion of the proposition. Since G
is increasing and continuous, G is strictly increasing on
(0,1). Recall the definition of Q@ in (14) and note that
Qnx = Gi/n on (0,1). Then

H(Qg.n)

—Da(pllv)

(18)

for all @ € [—o0,00). Since o G 1((0,1)) = 1, we
obtain Hy ,_(Qn) = H 1 (q1/n). In view of (18)
we deduce H(Q, n) = Hﬂoc 1 (G1/~). From step 1 and
by the assumption we know that A%(y o G~1) is finite.
Since ¢;/n has no more than N cells with nonzero p o
G '—measure, the entropy Hﬁ‘oG_l (G1/~) s also always
finite. Lemma 4.6 and step 1 imply

= H;“onl (Q]\‘Y)

= \1131 (Hﬁogl(ﬁl/N) — log N)
:h ('u/ o) Gil) = —DQ(IIIIHI/)
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Remark 4.10: Although we do not need this fact in the sequel
it is worth noting that Lemma 4.6 and Proposition 4.8 are also
valid for o« = o0. For example, by an application of Lebesgue’s
density theorem one can show that

Jo | . o
I sup{u(gda (a)) 1 a € ga(R)}
A—0 A

= esssupgf

which yields the assertion of Lemma 4.6 for « = oco. General-
izing the proof of Proposition 4.8 to & = o< is straightforward.

C. Optimal Point Densities

Combining the previous results we can find a companding
quantizer which provides an (asymptotic) upper bound for the
optimal quantization error. Later on we will show that this quan-
tizer is an asymptotically optimal one. Recall definition (10) of
a1 and as.

Corollary4.11: Letr > 1and o € [—o0, 14+7). Assume that
{4 1s supported on a compact interval I and has density f such
that cssinf; f > 0. Moreover, assume that f* is integrable if
« € (1,14 r) and flog f is integrable if « = 1. Let

(Jy f17e2dn) = fe,a e (zoo 1)\ {1}

Fr=9 ), a=1
f, a = —00.
(19)
Then
Jim 0D, Q)
Clr)( [, fordr)*=, e (—oo0,14r)\{1}
— C(T)e rfressan oy (20)
Cr) [, fmdA, = —00.

Proof: Tt is not hard to show using Holder’s inequality that
1, is integrable for every o € (—o0,1 4+ 7) \ {1} (cf. [9
Remark 6.3 (a)]). Moreover f1~" is integrable. Clearly, f1/*21;
is integrable for every o € (—oc, 1+ r). These facts imply that
J* is well defined (note that cssinfy f* > 0), [ f/(f*) dX <
o0, and the integrals on the right hand side of (20) are finite. It is
also easy to check that D, (p]| f* ) is finite. Thus we can apply
Propositions 4.8 and 4.2. We obtain

lim " @r YD (Qf )

N—oo
= hm e Pa el )‘)NrD A(Qf+ N)
— o "Dul u\\f‘k)c( )/ f X
e r : I\
Jr ()

Now (19) and (17) yield the assertion. O
Remark 4.12: For o € [—oc,1 + 7) the point density
g f* in the corollary minimizes the asymptotic perfor-
mance hm e Hi @)D (Qy ). Forae = Oand o = 1

this optlmal choice of g has long been known. In the case
« € (—o0,1 4 )\ {1}, by Propositions 4.2 and 4.8 the above
limit is proportional to

(/f”gl” d)\) - /fg*TdA
JI JI
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and Holder’s inequality (for o¢ < 1) or the reverse Holder in-
equality (for « € (1,1 4 7)) can be used to show that this
functional is minimized by ¢ = f*. The resulting minimum is
(f, f21 dA)**. The case e = —oo follows by letting &« — —oc.

V. SOME IMPORTANT PROPERTIES OF OPTIMAL
SCALAR QUANTIZATION

Define

7(f) = ©8S infsupp(y‘) e g(f) = €58 SUPgypp(w) I

For the case @« = 0 the following result is originally due
to Pierce ([9], [25, Lemma 6.6]). In our proof, given in
Appendix B, we use a refined version provided by Luschgy and
Pagés [23, Lemma 1].

Proposition 5.1:

() If R > 1and [ |z|"*" du(z) < oo for some 3 > 0, then
there exists a constant Cy > 0 (which depends only on r
and (9) such that

. _ v/ (r+5)
D) < o ([ o o))

for every a € [0, o0].
(ii) Suppose supp(y) is a compact interval and 1 absolutely
continuous with respect to A with density f. Assume that
i(f) > 0. Then forall &« < 0
27”
rR na
e DI (R) < ——.
=y

As an immediate consequence we obtain the following.

ey

Corollary 5.2: Under either condition (i) or (ii) of Proposition
5.1 we have limp o Dj;(R) = 0.

Letdiam(A) = sup{|z —y| : =,y € A} denote the diameter
of an arbitrary nonempty set A C R. The next result shows
that the measure of the codecells of optimal quantizers tends to
zero for absolutely continuous distributions. The proof, given in
Appendix B, adopts some techniques of Gray et al. [11, Proof
of Lemma 11].

Lemma 5.3: Let it be absolutely continuous with respect
to A having density f. Assume further either of the following
conditions:

(i) a € [0,00] and [ |z|"** dp(z) < oo for some 3 > 0,

(ii) @ < 0 and supp(y) is a compact interval and 0 < i( f) <

s(f) < .

Then for every £ > 0 there exists an Fy > 0 with the property

that for every R > R there is a § > 0 such that
max{;(q a)):a € qR)} <e (22)

for every ¢ € Q@ with H(¢) < R and |D,(q) — Dy (R)| < 6.

If, additionally, in case (i) the support of 4 consists of m > 1

compact intervals Iy, ..., I, and i(f) > 0, then in both cases

(i) and (ii) we have

max{diam(¢ '(a) N L) :a € ¢(R),i € {1,...,m}}
<e ()7t @3

where m = 1 and I; = I for case (ii).
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Let 1+ be absolutely continuous with respect to A and denote
the density of ¢+ with f. Let

() () con e

For any ¢ € Q let

N, ={a € q(R): pulg *(a)) > 0}.

In the case v < 0 we need to control in our proofs the cardinality
of the codebook of any quantizer whose entropy is less than or
equal to the rate constraint £. To this end, for R > 0, we define

Hr={q€Q": H;(qg) <R, Ceft < card(N,) < efl.

In addition, we will have to control the difference between the
rate constraint and the entropy of the quantizer. Thus, for « €

. . r2tme
(—oc,0), arbitrary constant x > 0, and R > log(=——), we
define

ICR = /CR(,‘»)

. 1 =
= : ,RiH“ (@) < ’
{qEHR ¢ _<1—(21‘“—1)m‘1e‘R) }

The next lemma is proved in Appendix B.

Lemma 5.4: Let ji. be absolutely continuous with respect to
A having density f. Assume that supp(;) is a compact interval
and 0 < i(f) < s(f) < oo. Forevery o € [—oc,0] and R > 0
we have

Dy(R) =inf{D,(q) : ¢ € Hr}. (25)
If & € (—00,0) and R > log( 21_2’1), then
Dy (R) =inf{D,(q) : ¢ € Kr(C)}. (26)

We let U (1) denote the uniform distribution on a bounded in-
terval I C R with positive length. Letrn > 2 and let [1,..., 1,
be a partition of [ into m intervals of equal length diam(I)/m.
Let s1,...,8m € (0,1)™ with 3" s; = 1 and assume the
source distribution is of the form pp = 1", s;U(I;). Of spe-
cial interest in our proofs are the codecells which are straddling
the intervals ;. Hence we define for any quantizer ¢ € Q the

sets

m

Alg) = U{a €qR): Mg @)\ I)=0} @7

and

S(q) = ¢(R) \ A(q).

In the proof of our main result we have to ensure that the contri-
bution of the straddling cells to the overall entropy of the quan-
tizer can be (asymptotically) neglected. For o < 0 this is the
case if it suffices to consider only quantizers with the property
that the length of each straddling cell is at least as large as a cer-
tain (fixed) constant times the length of the smallest non-strad-
dling cell. Exactly this is ensured by the following lemma which

(28)
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sharpens Lemma 5.4. The proof is given in Appendix B. Recall
the definition (24) of the constant C' and let x € (0,C). For
R > log(Z—2) let

Gr =Gr(r)
={g € Kr(x) : 2inf{diam(g "
> inf{diam(¢~"(a))

Ha)n1):a e S(q)}
ta € A(g)}H}-

Lemma 5.5: Assume that p = Y., 5,U(I;) is a piecewise

uniform distribution as specified above. Let r > 1 and x €
(0,C). Then for every & € (—oc,0) there is an Ry(x) > 0
such that for every R > Ro(k)

Dg(R) = nf{Du(q) : ¢ € Ga(w)}.

A bijective mapping T’ : R — R is called a similarity trans-
formation if there exists ¢ € (0, 00}, the scaling number, such
that T2 — Ty| = c|x — y| for every ¢, y € R. The last result of
this section describes how the optimal quantization error scales
under a similarity transformation. For v = 0 the reader is also
referred to [9, Lemma 3.2]. Let us denote by

C2(R) = {q € Q°: Dyq) = DS(R)}
the set of all optimal quantizers in Q¢ for ;+ under Rényi entropy
constraint R of order a.

Lemma 5.6: Leta € [—oc, o0]and T : R — R be a similarity
transformation with scaling number ¢ > (). Then for any R > 0
we have

o (R) = " D3(R).
Moreover

cr-1(R)={Toqo T ':qe CR)}.

Proof: The lemma follows because for any ¢ € Q we have
G:=ToqgoT 1€ Q,H;VoT_l(q) = Hﬁ(Q),andDuoT_l(q) =
" D,(7) (also, g € Q¢ iff § € Q). See also [19, Lemma 2.4]
where @ > 0 and r > 1 are considered, but the same proof
clearly works for all & < 0 and » > 0. O

VI. INEQUALITIES FOR MIXTURE DISTRIBUTIONS

In this section we provide upper and lower bounds for the op-
timal quantization error of mixture distributions in terms of the
optimal quantizer performance for the component distributions.
Proofs are given in Appendix C.

Definition 6.1: Letm > 2 and Ay, ..., A,, be measurable
sets which are pairwise disjoint. The distribution (4 is called
m~divisible with respect to (A1, ..., A,,) if u(A;) > 0 for all
i=1,...,mand p(U", A;) = 1.

For any measurable A C R with z(A4) > 0 we let p(-|A4)
denote the conditional probability of ;2 with respect to A, i.e.,
w(B|A) = p(B N A)/u(A) for all measurable B C R. If 41 is
m~divisible, then we write u; = p(-|4;).
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Proposition 6.2: Let R > 0, @« € [0,00) \ {1}, and
m > 2. Assume that g is m-—divisible with partition
(A1,...,As). Moreover assume, that [ |z|"dp;(z) < oc
for every i = 1,..., .m. Let Ry,..., R, € [0,00). Letting
s;i = u(A;), we have

e

< Z s; DY (1)

=1

D (R)

if either one of the following inequalities holds:

log (i

i=1

s?e(la)R“) <(Q-a)Rifae0,1), (29)

Q(z(la)Rl) >(1—a)Rif a € (1,00). (30)

log (i 55

i=1

Recall (10) of @; and as. Let m > 2 and $1,...,8,, €
(() 1)’” with 37" s; = 1. For every i € {l,...,m} and
e [0,r+ 1)\ {1} let

m
1/a> 571
Si E : J

i=1

t; = 3D

Lemma 6.3: Let m > 2. Let u be non-atomic and

m~—divisible ~with respect to (A;,...,A,;). Assume
Jlz|"dpi(x) < oc foralli =1,...,m. Letig € {1,...,m}
with u(A;,) = s = max{p(4;) : i =1,...,m})Ifae€0,1),
then

liminf cTRD“(R) > 5™ lim inf erRD“ (R)

R—oo - R—oo

(32)

Let s; = 1(A;) and assume o € [0,7 + 1) \ {1}. Then we
have

m

lim sup e’“RD“ (R) < Z sit; " lim sup eTRD“ L(R).

R—oo =1

(33)

R—oc

VII. PROOF OF MAIN RESULT

Recall that U(I) denotes the uniform distribution on a
bounded interval I with positive length. First we show that
the optimal quantizer performance for U([I) is the same for all
negative a.

Lemma 7.1: Let
o < 0, we have

—o0 < a < b < oc. Forevery R > 0 and

&ty (B) = Do (R).

Proof: Note that by Lemma 5.6 it suffices to consider the
case [a, b] = [0, 1]. Since Dy (, ;y () is nonincreasing in o by
Lemma 2.3 it suffices to prove the assertion for « = —oc. Let
R > 0 and assume ¢ € Q satisfies H,[*°(q) < R. Setting

Ny ={a € qR): u(qg " (a)) > 0}
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this condition is equivalent to

p=min{u(qg " (a)) : a € N,} > exp(—R). 34)
Let |«| denote the largest integer less than or equal to z € R.
Using 1 > card(N,) - p we get

card(N,) < |exp(R)] (35)
which is equivalent to Hg(q) < IR.From, e.g., [9, Example 5.5]
we know that only the quantizer ¢ € Q which partitions the
unit interval into |exp(R?)] intervals of equal length with their
midpoints as quantization points, attains the optimal error, i.e.,
Dyqoap(g) = DU([O 1])(R) But this quantizer satisfies (34)
and (35) simultaneously. Hence, Dy (jo.13(9) = Dy, ‘()[% 1])(1?)
which yields the assertion. O

Next we determine the exact behavior of D, ,y)(12) for
large I?. For « = 1 the following result is from [13]. For the
case @ = 0 the reader is referred, for example, to [9, Example
5.5].

Proposition 7.2: Letr > land R > 0. Let—oc < a < b <
o¢. Then the following hold:

(i) If « € [0,7 + 1), an optimal quantizer always exists for
U(la,b]),i.e., wecanfindag € Q with Hyy(, ;1\ (q) < 12
and Dy (ja,p)) (0) = Dy (£2)-

(ii) Suppose « € [0,7 4+ 1) and let n € N be such that
R € (log(n),log(n + 1)]. Then the restriction to [a, b]
of the quantizer ¢ in (i) has (n + 1) interval cells, n of
which are of equal lengths and one having length less than
or equal to that of the others. If « > 0, then ¢ meets the
entropy constraint with equality, i.e., . I(j'([a,b])(q) =R.

(iii) For all @ € [—o¢, 7 4 1), we have

Do) =

Proof: Assertions (i) and (ii) follow directly from [19,
Thm. 3.1] by noting that in view of Lemma 5.6 it suffices to
consider the case [a, b] = [0,1]

To prove (iii) first we note that by Lemma 7.1, the limit (36)
holds forall &« € [—o0, 0) since it holds for = 0. Thus we need
only concentrate on the case « € (0,++1)\ {1}. Applying [19,
Thm. 3.1] we obtain

DLLYT([OJ])(]Og(")) =

for every n € N. Now let R > 0 and ng € N, such that
log(ng) < R <log(ng +1). We get

lim e”
R—oo

C(r). (36)

Cryn™"

ngC(r)(nr+1)"" = n%D%([o,l})(l%(”R +1))

<e™ Do, 1])(3)
<

(nr +1)" Dy o1 (log nr)
=(nr+1)"C(r)ng".
Letting R — oo yields (36) for &z € (0, + 1)\ {1}. O

Proof of Theorem 3.4: We divide the proof into four main
steps. In step 1 we begin by proving a (sharp) asymptotic lower
bound on the optimal quantization error for any distribution with

6845

a density that is piecewise constant on a finite number of inter-
vals of equal lengths. In step 2 we generalize the lower bound
of step 1 to any density whose support is a compact interval on
which it is bounded away from zero. Together with a matching
upper bound based on the companding result Corollary 4.11 this
will finish the proof for @ € (—o¢,0). In step 3 we show that
the lower bound holds for all distributions subject to our restric-
tions and apply again the companding upper bound to finish the
proof for & € (0, 1). Step 4 treats the remaining « = —oo case
and thus completes the proof.

Throughout we assume w.l.o.g. that R > Ry(C'/2) where is
C' defined in (24) and Ry(C/2) is from Lemma 5.5.

Step 1: Let M be a compact interval of positive length
and let m > 2 and @ € (—o0,1) \ {0}. Assume that
po= Yo, s;U(A;), where the A; are disjoint intervals of
equal length I = I(A;) = A(M)/m that form a partition of M.
We assume s; > O foralli =1, ..., m. Thus 3.7 | s; =1 and

dy
= - = "7'1711 .
/ i ;b Ay
_ 1
1)\ {0} define ¢; = s/ (Z}’;l s?’l) T

m as in (31). Let

Fora € (—o0
i=1,...,

R > max{0, max{—log(#;) : i = ..mlt}
and define
Ri =R+ log(ti) Z 0.

From Proposition 7.2 we deduce

Doy (Ri) = (1) e"
—t;"C(r)

™ Do, (Ri)
as R — oo.

A simple calculation shows

f‘“d)\) = / sil Ma ) dx

— l(lffll)az (i S?l> as

=1

T a2
_gr a1
=1 E s;
=1

m

=" Zsit;r.

i=1

(37

Now, according to Lemma 5.3 there exist functions
e : (0,00) — (0,00) and é : (0,00) — (0,20) such that
for every R > 0 and quantizer ¢ € Q with Hﬁ(q) < R and
|D5(R) — Dpu(q)] < 6(R) we have

“Ha)) ra€q(R)} < e(R)

where ¢(R) — 0 as R — oo. Moreover

max{p(g (38)

max{diam(4; N g (a)) 1 a € ¢(R),i € {1,...,m}}
I-e(R)

min{s; :i=1,...,
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Now, again, let R > Ry andy > 0. According to Lemma 2.3 let
gr € Q be a quantizer whose codecells with positive y—mass
are intervals, satisfying /¥ (gr) < R and

|D5(R) — Dyu(qr)| < min(’ye*TR, 5(R)). (40)
Hence, qr satisfies also (38) and (39). In view of Lemma 5.5

let us assume w.l.o.g. that gp € Gg if @« < 0. Now let: €
{1....,m} and

Ii(qr) = {a € qr(R) : Mgz (a) \ Ai) = 0}

and

With

Ji(gr) = {a € qr(R)\ Li(qr) : n(Ai Nqg'(a)) > 0}

we obtain from (39) that

Rlim sup{diam(A4; N gz"(a)) : a € Ji(gr)} = 0.

Every point of J;(gg) is a codepoints of a codecell which is
straddling the boundary of A; and is not ;+ — a.s. contained in
A;. Hence {A; Nqp*(a) : a € Ji(gr)} consists of at most two
intervals and we get

Rh_rgc diam(4; ,,) = diam(4;) = 1. 41)
We compute
Dutam) = >osi ™ [ e~ ante) )
i=1 A
2>t [ el ). @)
i=1 Y Aiag
Let
Rign =Hp ., y(ar)
— ol | Y W @)
a€l;(qr)
= (e -6 (55
Ll D DU (o)) TS

acl;(qr)
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where U(A; ,,)(gp"(a)) is the measure of the cell ¢;'(a)
under the uniform distribution on A, ,4,,. Then using Lemma
5.6 and (42) we obtain

D,u((JR)

m

z Z Sil/ing;(Ai,qR) (Ri’qﬁ )diaIn(Ai’qR)
i=1

T

= Zs,—,rng([OJD(Ri,qﬂ)diam(Ai,qR)H’“. (44)
=1

Now pick a sequence (L,,) of non-negative real numbers, such
that L,, — oo,

e DR (L) — liminf " DY(1R), (45)
and
e,
T— — v; € [0,q], i=1,...,m (46)
6 T

as n. — oo. Because we want to determine a lower bound for
the optimal quantization error, using Proposition 7.2 (i) we can
assume w.l.o.g. that gy is 1?; 5, —optimal for U(A; 4, ), 1i.e.,
that Df%(Ai,an y(Rigqr,) = Du(a,,, H(qw,). By Proposition
7.2 (ii) the quantizer gz, divides A;,, into (k 4 1) intervals
with 12; ,, € (log(k), log(k+1)] where at least % intervals are
of equal length.

We next prove that I?; ;, — o0 asn — 00. Assume to the
contrary that (12; ;; )nen isbounded. Then b = k(12; 4, ) will
also be bounded. Thus let kg € N such thatk € {1,... ko} for
every n € N. Together with (41) we deduce

liminf D, (gz,,)
T— 00

> lim inf/ |z — qr, (z)|" dp(x)
7—00 AAz‘qL”’

diam(A; 5o )
C 13

PR
z" dA(x)

Wl

> lim inf ik -2 /
[ Jo

00

> Clr)sl”

> 0.

But this contradicts (cf. Corollary 5.2)

limsup D, (qr, ) < limsup(Dy (Ly,) + ye " Eny = 0,

n—oo n—oo

Thus we obtain that R;,, — oo asn — oo foralli €
{1,...,m}. Proposition 7.2 yields fori = 1,...,m

lim e"oorn Dg([(),l])(Ri,an )

n—o0

= C(r). 47
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Because v > 0 was arbitrary we obtain

LI rR myo _ rL, Mo
lgnmfe Dy (R) = lim """ Dy (Ly)

00 n—00

= lim et D,(qr,)

n—>o0

m

> lim el Z sillegy([OJ])(Ri’an ydiam(A; 4, Yo

i=1
m
=C(r) Z s, "
i=1

where the first equality holds by (45), the second by (40), the
inequality follows from (44), and the third equality follows from
(41), (46), and (47). In the last expression, 1/v; = 0 if v; = o0.
The case v; = 0 cannot occur because otherwise the right hand
side of (48) is not finite, which would contradict the assertion
of Proposition 5.1. Recall that {4; N ¢z (a) : a € Ji(qr)}
contains at most two intervals for every « and n € N. Now
assume that & € (0, 1). In this case, since by (6) we can assume
w.lo.g. that H(qr, ) = Ly, we obtain

(48)

1 S (S‘l(Ln', M, an,)
eLn(i-a)

I > wer ) Maz, (@)
Zm Za611<qbn)u(qzl(a))“
X Yaenian,) Haz, (@)°
> acann AU, L(an) ML, (@))°
i zaez (qz,, )M( 1(“))
<14 (m+1)sup,eq, ry1lap, (a)”
B P 1Zaej (az., )M((JL (a))

From (43) and lim,, oo Ri g,

Jim_ > ¥

=1 a€l;(gz,)

= oo we deduce

Thus we get

hIIl 61(L11:/~I/7 an.) = 1

n—oc

(49)

Using Lemma D.2 in Appendix D we recognize that the limit
relation (49) also holds for & < 0. Consequently, we deduce
together with (41) and (43) for every & € (—o0, 1) \ {0} that

T m

- Rig, —Ln){(1—n
E siv; " = E s¢ lim eFrap, ~En)(1=a)
n—oQ

Cmlf o ()

=1 a€l;i(qr,, )

~cL"(la)} =1.
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Moreover we obtain from (49) and (43) that v; < oo for every
i=1,...,m.Since /" s¥v; ® = 1, we can apply Lemma

D.3, (48) and (37) to obtain for & € (—o0, 1) \ {0} that

(it3

(R)>C(r))_sit; 1"

=1

=C(r) (/U fo d/\> -

Step 2: Now let us assume that the support of 1 is a com-
pact interval M C R and that f is continuous on M. Again, let
a € (—o0,1) \ {0}. Leti(f) = min{f(z) : € M} resp.
s(f) = nmx{f x) : z € M}. Clearly, s(f) < oo. Let us as-
sume that

lim inf " RD“

— 00

i(f) >0

Let! = A(M). For k € N partition M into intervals {4; : i =
1,....k} of common length A(A;) = 1/k Set

k
Hi = Zu(fl U(A
i=1

(50)

and

_ duk M

The continuity of f implies that fz converges pointwise to f as
k — 0. In view of (50) and due to

Wf) =min{f(z):z € M} <min{fi(z): 2z € M}
< max{fe(z):r € M} <max{f(x):z € M}
=s(f) <0

for every £ € N, dominated convergence implies

lim fordh = / o dA. (51)
k—oo Jpr ™ M
Moreover step 1 yields
lim inf "D (R) > C(r) ( o d,\> (2
—oo M

Now let R > max(1, Ry). Leté > 0 and g be a quantizer with
|D%(R) — Dpu(gr)| < e and HZ(qr) < R. In addition,
we assume w.l.o.g. (cf. Lemma 5.4, resp. Lemma 2.3) that g €
Kgr(C) if & < 0 and R is large enough, and H;(¢r) = R if
a>0.Fori=1,....klet

0 <epp=min{f(z): 2z € A;}
<tip =max{f(r):z € A} <0

and

0<Ck2111111{ci’k :izl,...,k}.
ik
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For every a € gr(R) we have
crnldg'(0)) < plag'(a)) < o rnlag ' (a))-

and because [ is uniformly continuous, in view of (50), we have

kh_I)I;O c, = 1. (53)

We obtain from the definitions of //; (¢r) and ¢, that

T S "
mln(c,i ,ep ><(, Hj (qr)—H, (ar)

Tl) =, (54)

< max <c,i‘“ L

where v, — 1 as £ — oc. Again from the uniform continuity
of f we deduce

A1 = fille =0 (55)
with
1 = fulloo = max{|f(x) — filw)| : w € M},

In view of Proposition 5.1 there exists an mq > 0, such that for
allR > 1

D3 (R) < moe ™. (56)
By the choice of gz we have
D (R) > ¢ Dy(qr) — 6. (57)

Thus (56) yields

Dy (qr)l

/ o an(@)l" £ () — )| dA(2)
<N - Bl sy 2 [ o= (ol sy axa)

<|f- fk\lm‘( )(D“(R)Jré’e"’“)
Tﬁo-l-(s

ilf)

7rR

<If = Frllo

Hence, (57) gives
e P DY (R)
> eTR(D/uc (QR) - ‘D/L(QR)
"D (qr) = 1f = felloo

— "BHT (ar) rH h(‘IR)D

Dy, (ar)|) — 6
mg + 6 _5

i(.f)
L (QR)

>e"

mo—f—é
= If = fulle i)

> o PURHZ @)+ H (ar)— H}, (a))

el p, (HE (gR))

mo + 6 —|— o

— 6 (58)
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Due to the choice of gg there exists a function ¢ : (0, 0c) —
(0, 00) with e @7 < g(R) and g(R) — 1 as R — cc.
Equation (54) implies

|\H,, (qr) — R| <|H, (qr) — H; (qr)| + |H; (qr) — R|

<|log(vy,)| + [log(g(12))|- (59)

Clearly, inequality (59) yields limp_, H;“k(qR) = oc. Ap-
plying (59) and (52) to (58) we deduce

a2
lim inf (’rRDa(R) > s (L’”)‘C( ) </ Jit d)‘)
M

my + (5
if)

By letting & — oo and noting that 6 > 0 is arbitrary we obtain
from (51), (53) and (55) that

= IS = fello = 6.

liminf e"® D (R) > C(r) ( / f‘“d)\) :
M

—oC

(60)

Next we show a matching upper bound for & € (—oc,0).
The assumptions on f allow us to use Corollary 4.11 showing
the existence of a sequence of companding quantizers (gn) =
(Q+.n) such that

709D, (4x) < )
A

lim e”

N—oo

Fo d)\> - 61)

Let Ry = H ff(fn) and note that Proposition 4.8 implies

hHl (RN - RN—I) =0.

lim Ry = oo,
v N—oc

N—oo

(62)

Let R > 0 be arbitrary and let » = max{N : Ry < R}. Then
R, < R < R, and since Dﬁ(R) is a nonincreasing function
of R

CRDI(R) < e D (Ry) < 7 BoitRer0D, (g),

This, (61), and (62) yield
lim sup e’RD“(R) < C(r) (/ J d)\) .
R—oc J M

Together with (60) this completes the proof for the case o €
(—00,0).

Step 3: Now let 1 be arbitrary, but satisfying all assump-
tions of the theorem. Let @ € (0,1). For k,[ € N let

I = (=00, k), In=[-kKNf Y [1/L1Y), I = (k o0)

and

I, =R\ (11 UL, UI3).
Because f is bounded and weakly unimodal we can pick kg € N
such that u(Iz) > 0, f~3([1/L,1]) = f~H([1/1,00)), 1/1 < Iy
(see Definition 3.2), and

p(lz) = max{p(ly) i€ {1,2,3,4}}
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for every k& > kg and I > ky. Note that /5 is a compact in-
terval. Now let min(k, 1) > ko. Let us first assume that p(7;) >

0 for every ¢ = 1,2,3,4. Consider the decomposition y =
Zj‘zl w(I;)p(-|I;). Lemma 6.3 yields
lim} 3gferRD;:(R)
> p(ly) T Lminf T DO 1 (R). (63)

R—o0

By construction, i(p(l2) " f1,) > 0, s(u(L2) " f1z,) < oo,
and p(I») "1 f1;, is supported by a compact interval. Thus we
can apply the results of step 2. Together with the definition of
a1 and a2 we deduce from (60) and (63) that

hm inf eTHD”(R)
> H(Iz)lil—twc'(’r) (/ (N(Ig)ilf)al d/\)
I
> () =) ([ )
Ji,

=C(r) (/I fe (i/\) - . (64)
Due to a; > 0 and by monotone convergence we obtain
hj}(}o 1;1110 f‘“ dAx = / frrda. (65)
Thus we get from (64) that
lim inf e DY(R) > C(r) ( / e d/\>a2 . (66)

The case min{u(l1), u(I3), u(la)} =
larly.

To show the matching upper bound, note that since 1/1 <
f < 1l on Iy, we can directly apply Corollary 4.11 to jio :=
p(+|I2) and its density fo := j(I2) 1 f1;, to show the existence
of a sequence of companding quantizers (gn) = (Q f3.N ) such

that
RSEECIVE: dA)

Thus by the same argument as in the previous step

0 can be treated simi-

lim e i lay )D

N—oo

lim sup e"¥*D? (R)

o
R—oc

coof o)
= C(r)pu(Iy) "o (/ fald/\> “2.

Again from Lemma 6.3 we obtain for o« € (0,
bound

(67)

1) the upper

litn sup (erDz (R)

R—o0

< O(ruo) vty (/

+ 3 g e

Fu dA)

lim sup eTRD,(:(.ui) (R).

R—oc
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Using Proposition 5.1 we get a K > (0 independent of &, [ such
that

hgfip ()’FHD::(-\L')(R) < Ku(Ii)*T‘/(rﬁS).
for ¢ € {1,3,4}. Letting [, k tend to infinity we obtain by
the deﬁnition of t; that limy oo t5” = 1, respectively,

lim oo t; " = 0,4 =1,3,4. Using (65) and (67) we get

litn sup e'RDO‘(R) < C(r) (/ f‘“d/\) H
R—o0

which, together with the lower bound (66) completes the proof
for the case « € (0, 1).

Step 4: Let v = —oo and f# € (—00,0). Fix a1 = a1(f)
and a2 = az(f). From Lemma 2.3 we deduce

lim inf chD

—0oC

*(R) > lim e"®DJ(R)

— 00

—C(r) (/ o (lA) N
supp(u)

Since the integral on the right hand side converges to | 1" dA
as § — —oo, we obtain

lim inf " RD

R—oc

“wzow [

supp{p)

The proof is finished by noting that Corollary 4.11 and an ar-
gument identical to the one used in step 2 provide a matching
upper bound. O

VIII. CONCLUDING REMARKS

We have determined the sharp distortion asymptotics for
optimal scalar quantization with Rényi entropy constraint for
values o € [—00,0)U(0, 1) of the order parameter. Our results,
together with the classical &« = 0 and &« = 1 cases, and the
recent result [18] for & € [r + 1, oc], leave only open the case
a € (1,1 + ) for which nonmatching upper and lower bounds
are known to date (cf. [18]). We note that the upper bound
provided by optimal companding in Corollary 4.11 also holds
for o € (1,1 + r). Based on this, we conjecture that our main
result is also valid for this remaining range of the « parameter.

Apart from the question of high-rate asymptotics, it remains
open if optimal quantizers exist for all & € [—oc,1 + r]. The
nonexistence of optimal quantizers in case of & > 1 + r has
already been shown in [19]. Looking at our main result, it is ob-
vious that the integrals on the right-hand sides (RHS) of (11) and
(12) are not finite in general if iz has unbounded support. It needs
further research to determine the exact high-rate error asymp-
totics for certain classes of source distributions with unbounded
support and o« < 0. Of special interest is the question whether
companding quantizers with point density f* are still asymptot-
ically optimal for source densities with unbounded support. The
definition of f* needs the integrability of £/ in order to guar-
antee a finite number of quantization points for the (asymptot-
ically optimal) companding quantizer. Nevertheless, the RHS
of (11) is defined only when f%! is integrable. It remains an
open problem if (11) still holds for some «x € {—o0, L +7)\{1}
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and distributions where £ is integrable but /%> is not. Such
an example, if it exists, would show that the companding ap-
proach is not always applicable to generate asymptotically op-
timal quantizers, but the known asymptotics (11) are still in
force. Another interesting open question is whether the noninte-
grability of f1/%2 always implies the non-existence of optimal
quantizers with a finite codebook.

A careful reading of the proofs shows that many arguments
can be straightforwardly generalized to the d-dimensional case
and rth power distortion based on some norm on R?. For o €
[—o0, 1) and under appropriate conditions we conjecture that

C(r,d) ( / o d/\d>a2

where A? is the d-dimensional Lebesgue measure

lim e GLRD‘Y (R) =

R—oc

l—a+af
a) = —————, Ao =
l—a+5’
and C(r, d) is a positive constant that depends only on , d, and
the underlying norm (and possibly on «).

However, some important steps in our proofs are definitely
restricted to the scalar case, e.g., (23) in Lemma 5.3, which
yields (41). One of the key problems concerns the first step of
the proof of Theorem 3.4. In higher dimensions one has to con-
trol the contribution to distortion and entropy of cells straddling
the common boundary of at least two touching cubes in the sup-
port of ;. The “firewall” construction used in case of « = 0 (see
[9, p. 87]) does not seem to work in the general case. For cx # 0
it seems to be very hard to control the entropy of the quantizer
when adding or changing codecells and codepoints in a certain
region. In order to progress in this direction, one would certainly
need more refined knowledge about the codecell geometry of
(asymptotically) optimal quantizers. Even in the case o« = 0
little is known on this subject (results in [29] highlight the diffi-
culty of the problem). As already mentioned in the introduction,
the methods used for the case o« = 1 are also not applicable to
the general case because they rely on the special functional form
of the Shannon entropy. It appears that generalization to higher
dimensions would necessitate the development of isodiametric
inequalities for the (bounded) codecells of asymptotically op-
timal quantizers.

1—Oz+zl—'
1 -«

APPENDIX A

Proof of Lemma 2.3: To show (4), let ¢ € Q be such
that H¥(q) < R and assume 3 < «. It is easy to check that
= H7(g) < 0on (—oc,0)U(0,1)U(1,00), and thus the map-
p1ng v— H ”(g) is nonincreasing on these intervals. In view of
the contmulty of Hy(q) at € {0, 1} [see (Remark 2.2(a)] we
deduce that H;f(q) < Hf(q). Now the assertion follows from
Definition (3).
Equation (5) of the second statement follows directly from
the more general results Theorem 3.2 and [20, Prop. 4.2]. For
(6), we refer to [19, Prop. 2.1.(1)]. O

Proof of Proposition 4.2: We proceed in several steps.
1. Since G is increasing, it has a derivative @ ae. (by con-
vention we set G/(z) = 0 if G is not differentiable at ).

Also, note that G and G are strictly increasing on I, resp.
on [0,1], and & is Lipschitz with constant (cssinf; g) !
and thus absolutely continuous. Since G () = 1/g(G(x))
a.e. on (0, 1), we obtain

[ L= [y au,

2. Next we prove

lim /(’HLN(G(IL')))r dulz) = /(é’(G(L)))r du(x), (68)

N—oo,

where my is the piecewise constant function de-
fined by my(x) = N[ yx oy GdA i
x € (i —1)/N,i/N),i=1,...,N and my(z) = 0
otherwise.

Lebesgue’s differentiation theorem (see, e.g., [7, Thm.
6.2.3]) implies that my(z) — G’( ;) as N — oo a.e. on
(0,1). Also, from G'(z) = 1/g(G(z)) we deduce

my ()
< maxq N

[(G—1)/N,i/N)
< (essinf; g) L.

1

md)\(w):lgigN}

Thus, the dominated convergence theorem yields (68).

3. Let Qg n be the quantizer with the same codecells as Q,
but with the midpoints of the codecells as quantization
points:

Qon(w) = 5(C H(i/N) + G((i = 1)/N))

—_

if z€ Ii,N7

/fd)\

where fx is the piecewise constant density defined by
fnlz) = ﬁfw fdxifr € I y,i = 1,...,N
and fy(z) = 0 otherwise.
A simple calculation shows

/|JL—Qg, z)|" fn(z) dA(x)
IN’”ZC(T)J‘N <G<%)> (ML)t
r)N" Z/

/m\

Now the assertion follows from steps 1 and 2.
4. Next we show that
/ f dA.

fore =1,..., , N. We will show that

lim Nr/|$—Qg, ()| v () dA

N—oc

YN U (G()))" dA(x)

"f(x) dX(z).

lim N"D,(Qyn)=C

N—oc
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Foranyi e {1,...,N} andz € I, v we have

Nz — Qy ~(z)" <J\” )\(I
=N" (/ el dA)
((t 1)/\’ i/N)
=my(G(x
Therefore

N"‘/|a¢— Qo (@) f() dA(@)
=N [ 1o = Q) fln) dAis)
< [n(G@)17(@) - fx(0)] dX)
< (essintg) " [ 17(0) = fv()| (o)

By Lebesgue’s differentiation theorem we have fy — f
a.c., and now Scheffé’s theorem [4, Thm. 16.11] implies

th / |f— fnldA=0.
Hence,

lim N7 D,,(Qg N)

N—oo

= Jim N7 [ 1o = Qyan(a) filo) XGo)
where the RHS is equal to C(r) [ gi d) from step 3.

5. In view of step 4, to prove (16) it suffices to show that
lim N"D,(Qqn) = \11111 N'D,(Qy ).

N—ooo

(69)

Applying the mean value theorem of differentiation (if » >
1) or by the triangle inequality (if = = 1), we have for each

ie{l,...,N}andw € I; 5
Qv (2)" = |z = Qun ()|
<N"|Qyn(z) — Qyn(z )Ir( (Lin))" . (70)

Further, note that the definitions of ma, @4 n, 0 4, also yield

T = Qg (@) —|T—ng (@)
<rNT( AL w) =r-my(G(2))".

]\T T

(71

Let I} v and [ 2 ' denote the partition of /; 5 into two inter-
vals ofequal length AlL; n)/2. Let j = j(x) € {1,2} be such
that = € 17\ Letting a = inf(J;, N) and b = sup(l; n) we
obtain by the absolute continuity of G

R R (atb)/2
G((a+b)/2) = G(a) —|—/ G dA

Gla) + G(b) _ 4 @+ /<a+b>/2 G(b) — G(a)

dA.
b—a

6851
Thus we get
_ . 2a) + G(b
|Qg.n (@) — Qgn(2)] =|G((a +b)/2) — ( )2 : )‘
<A 3| Lz, N)| (72)
where . .
L(e,N) = — / ¢ ax - G =G
NI n) Iy b—ua
_ G dx

A 1 "
: G'd\— ——
)‘(IZ,N) /IqJA /\(L"N) Tin

ifr e If;N,i =1,...,N.In view of (70) and (72) we deduce

= Qux(@)" — o = Qo ()]
§rN’ AT L, N) (AL n )"
-

<r-my(G(e))"|L(z, N)

]\T T

Lebesgue’s differentiation theorem yields limpy oo L{z, N) =
0 a.e. Hence

lim ZVTH:IZ—(Q!] N = |z — Qg (

N—oo

)| =0 ac. (73)

Due to (73) and (71), and together with step 2, we can apply the
generalized dominated convergence theorem [28, Ch. 11.4] to
obtain (69). O

Lemma A.1: Let ;1 be a probability distribution which is
absolutely continuous with respect to A and let f denote its
density. Let G be a compressor for y+ with point density g. If
{g = 0} C {f = 0}, then sz o G~ ! is absolutely continuous
with respect to A. Also

1 “
") = ——— G4 a.e. on (0, 4
() g(G(y))l{g>0}( () 0,1) (74
and 1 o G~ ! has the density
faly) = F(G)E'(y)
_SEW)y ) e on(0.1). (75)

9(Cly)

Proof- In order to prove that ;1 o G~ ! is absolutely con-
tinuous let us make the key observation that, although G is in
general not invertible, we have

G(G(x)) =z p-a.e z€R. (76)

Indeed, by the definition of G and due to {g = 0} C {f = 0}
there exists a measurable set Az C R such that G is differen-
tiable on A¢, t(Ag) = 1, and

= gla) €

Hence G is locally invertible at # € Ag, so G(G(z)) = «
which proves (76). Moreover,

G'(x (0, 0c) for every x € Ag.

G'(G(x)) = 1/g(x) for every = € Ag a7

which proves (74).
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G is strictly increasing (and thus one-to-one) and maps (0.1)
onto G((0,1)). Thus, together with (76) we obtain for every
Borel measurable B C R that

o G (B) = ul{z : G(G(z)) € G(B)})
= u(G(B)).

IfU(]0, 1]) denotes the uniform distribution on [0, 1] we obtain
again from (76) that

H((~o0,a]) =

Thus, U([0,1]) o G~! = gA. Now let B C (0,1) be Borel mea-
surable and A(B) = 0. This implies U([0,1]) o G~ 1(G(B)) =
(. Because p is absolutely continuous with respect to gA we
obtain ;1(G(B)) = 0. Hence, (78) implies s 0 G~1(B) = 0
showing that ;s o G~1(B) is absolutely continuous with respect
to A. In order to prove (75) let [a,b] C (0,1). In view of (78)
and from the definition of (7 we obtain

G(b)
;mr%mmnzf fax.

G(a)

(78)

U([0,1]) o G~ G(z) for ae z €R.

(79)

From (77) we deduce
1
9(G(y)

Because ;2 o G~ is absolutely continuous with respect to X its
cumulative distribution function is absolutely continuous and,
therefore, differentiable a.e. Applying the chain rule for the
Lebesgue integral (see [30, Corollary 4]) we obtain

/.G(b)

Now, (79) and (80) prove the first equation in (75). The second
equality in (75) follows from (74). O

v

G'(y) = 1{g>0}(é(y)) a.c. on(0,1).

/f WIE W) dAy).  (80)

Proof of Lemma 4.6:

1. @ € (0,00). For this range of « the result goes back to
Rényi [27, 11§] who stated it with somewhat less gener-
ality. Csiszar [8, Thm. 2] gives a more general form of the
result that implies our statement.

2. o =
Clearly,

. inf{p(da () s a € daar(R)}
lim in :
A—0 A

—0OC.

> essinf 57 f. (81)
Now lete > 0 and define N, = {z : f(z) < essinf »s f +
e} N M. Hence, A(N.) > 0. By Lebesgue’s differentiation
theorem we can find an = € N, such that y is differentiable
at r with f(z) = i’;( :). Moreover a Ag(g) > 0 exists,
such that for every A < Ag ab € §a a(R) can be found
with z € G, ', (b) and

N <essinf py f 4 2e.
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Because ¢ is arbitrary we obtain

inf{u((j;}M(a)) ra € gan(R)}

lim sup < essinf ar f.
ASD A
(82)
In view of Definition 4.4 and the definition of //, >*(-), the

combination of (81) and (82) yields the assertion.

« € (—00,0]. Here we adapt Rényi’s original proof to
our case. With the convention 0° := 0 and in view of
Definition 4.4 resp. Remark 2.2 it suffices to show that

f¥dx = lim Al=® ( / fdA) .
./supp(#) A—0 Z - (];l(a)

g1,

g2,

a€ga(R) (83)
For A > 0 and z € R we define
A("[7) = buP}’ /1) Z 1qA (a) A /71 I dA
”E’IA(R) (@)
and
alz)
= Luupp( (7)) D Lyt (r)A ( / T d)\>
@EQA(R) EIN (a)

1 .
:lsupp(;l)(w) Z 1(1A (a) l)z/ fdA .

-1
aqu(H LN (u’>

Applying Lebesgue’s differentiation theorem we obtain
g1.a — f*and ga A — f* a.e. as A — (0. Now note that
since v < 0, the function  — x® is convex on (0, oc),
so by Jensen’s inequality

1 / DAY ‘
— f(l)\) < — (/ 7e (l)\)
(A i3 (a) A\ Joz )

forall a € ¢~ }(R), implying g2 A () < g1.a(x) for all z.
Sincego n > Oand [ g1.4 dX = Lupp fedX) € (0,00),
we can apply the generalized dommated convergence the-
orem [28, Chapter 11.4] to obtain

hm /JlAd)\— lim /‘gQ?A dA,

which is equivalent to (83) and, therefore, finishes the
proof. ]

APPENDIX B
Proof of Proposition 5.1:

(i) Recall that [x| denotes the largest integer less than or

equal to z € R. In view of Lemma 2.3 we have Dj}(R) <
DY(R). Consequently, we deduce from [23, Lemma 1]
the existence of a constant x > 0 (that depends only on r
and 6) such that

Dyi(R) < D)(R) < D) (log([¢"]))

) s r/(r+8)
wpr ([l )

IN
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Due to £ > 1 we obtain

eft T<
e
el —1/) —
€

which yields the assertion with Cy = & ((%71)
(i) In view of Lemma 2.3, it is enough to prove (21) for
a = —oc. Let I = supp(p), R > 0 and g € Q with
H_°(gr) < I. According to Lemma 2.3 let us assume
w.l.o.g. that all codecells of gr with positive p—mass
are intervals. By subdivision of codecells with p—mass
greater than or equal to 2¢ ~# we can assume w.l.0.g. that

(LR]) " <ok (

r

e < plgg'(a) <2¢7F (84)
for every a € qr(R) with u(qz"(a)) > 0, where the
first inequality holds since H,**(qr) < R. Moreover,
for every such a we obtain

-1
diam(gz' (@) N 1) < ,u(q‘?fga)) (85)
i

and we can assume w.lo.g. that « € ¢p'(a) N 1 if
qp'(a)) NI # @ (otherwise the distortion can be de-
creased by redefining «). Then we have

D, (qr)

gNe

acqr(R) 7 9r *(a)

< Y (diam(gg"(a) N D))" f(x) dX(x).

agqr(R)1x ()

|z — a|" f () dA(x)

In view of (84) and (85) we get

D,(qr)
a)) "
man (DN poy dae)
aE%:(IR) /qR Ha) ( >
_ 1 f 1 a r+1
~y, X ')
1 {gq e By = z e H
<i(f),,06§(ml(m (a))(2e™")" = 57

which yields (21) by taking the infimum over all ¢y € Q
with H,*(¢r) < R. O

Proof of Lemma 5.3: Lete > 0. Choose ¢,t € (0,00),
such that
1- /L(Ac,t

) < (86)

N M

with Acr = {z: f(z) > e} n{x:

C

F(z) <t} N[t 4. Let

k=

6853

and use Corollary 5.2 to choose iy > 0 such that

1
2D%(Ro)\ ™
t( 0 o)) <

R,

DO ™

Now let R > Ro, 6 = Djj(R) > 0, and choose ¢ € Q with
Hi(q) < Rand |D,(q) — Djj(R)| < 6. We have

Z / |z — a|" f(x) dA(z)
agq(R)”
> |z —a|"dA\(x). (87)

Let B(z,l) = [z — I,z + ] forany [ > 0 and # € R. For every
a € ¢(R) define

sa = Mg Ha) N Agt)/2. (88)

Since A.; is bounded, we have s, € [0, 00). Moreover, it is
easy to show that

/1( " |x—a|7‘dA($)z/B( ) )
g la)NAac . a,8,

(see, e.g., [9, Lemma 2.8]). Using (88) we compute

/ |z — a|" dA(x)
J B(a,s,)

2'7‘+1 5"
_ 25, i:#A(q_
147 147

Ya) N Acy). (90)

Combining (89) and (90) with (87) we obtain

Acy)sh

Dula) 2 1 Mg 'a)n

aEQ(R)

ZA

aEq (R)

(a) M A.)(28,)".

Using (88) we get

On the other hand the choice of § and the monotonicity of Dy ()
yields

Thus we deduce

keosup Mg Ha) N AT < 2D} (Ro).

acq(R)
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Also, since f is upper bounded by # on A ;

N A
Jax plq M) N Acy)
<t- sup Mg '(a) N Acy)
a€gq(R)
1
2D%(Rg)\ T
<t (M) < E_ (91)
K 2
With (86) and (91) we finally obtain
1
max a
Jax (g~ (a))
< max u(g™ (a) NAc:)+1—p(Acy)
a€q(R) '
<e€

which proves (22). Now, additionally, let i(f) > 0. Let a €
q(R) with (¢~ '(a)) > 0. By Lemma 2.3 we can assume, that
g 1(a) is an interval. Thus we obtain

Ya)n 1) = diam(q~

Aa 'a)n 1))

for every i € {1,...,m}. Together with I; C supp(u) we

deduce

Ya) NI )
z) dA(z)

(g u(q

*l(a)ﬂl
z i(N)Ag 1(@) n1)
i(f)diam(g (a) N L)

(92)

forevery i € {1,...,m}. Relation (23) follows now immedi-
ately from (22) and (92). O

Proof of Lemma 5.4: Let o € [—20,0]. Then by Lemma

2.3 for any v > 1 there exists a quantizer ¢ with H(q) < R

such that each cell of ¢ is an interval with positive y—mass (and
thus ¢(R) = N,) and

Du(q) <~

D7 (R). (93)

According to definition (2) we obtain in case of « > —oo that

Z M(q—l(a))a S 6(l—a)R' (94)
acq(R)
We deduce
i . 1/(1—a)
2 (X et @) )
agq(R)
>n 95)

where 7 is the number of codepoints of ¢ and the second in-
equality follows from Jensen’s inequality applied to the concave
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function z — z/(1=%) In case of &« = —oc we obviously have
n < oc. We get

1= > plg *(a)) > n-min{u(g *(a)) : a € g(R)}

agq(R)
> ne .

Hence, n < ef! for every o € [—oc,0]. Let supp(p) = [e, d],
where —oc < ¢ < d < oo. Forevery ¢ € ¢(R) let m, denote
the midpoint of ¢~ (a) N [¢, d]. As in the proof of Lemma 5.3,
we obtain

=2 [ i@ o

acq(R)
. il x — 1ge|" dA(x
“EE(J(:R) ( )‘/‘Zl(a)ﬁ[u.d] | | ()
= Z W(HER A+ Ydiam(q '(a) N [c, d])r—i—]
acq(R)

Clearly [cf. (85)],

g (o)
s(f)

for every a € ¢(R) with (g~ *(a)) > 0. Thus we deduce from
the convexity of 2 — " *! that

< diam(q () N [e,d]) <

Dy.(q)

>i(f)E2T A+ ) s Y (g @)
HEQ(R)

>i(HEA+7) ts(fH) T 12 1/n) 1

=i (1 +r) s 17f7“~

Combining (93) and Proposition 5.1 (ii) we obtain

r

YLs(fy "t — e TR,
s(f) < T

Becausey € (1, o0) was arbitrary, inequality (96) remains valid
if we set v = 1. Hence we obtain

()" () o=

which yields (25).

Now assume « € (—oc,0). We will modify ¢ such that the
new quantizer is in g and it still satisfies the rate constraint,
while its distortion does not exceed that of ¢. Let

(N A +r)” (96)

“a)):a€qR)} >0

p = max{p(yg
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and a,, € ¢(R) such that (g '(a,)) = p. If Hi(q) < R we
can subdivide the cell ¢! (a,,) into two cells with equal u—mass,
such that the entropy increases by

1
1 N (o1 —1 [
— og<p + > ulg (u))>
a€q(R)\{ap}
1

1—«

i CUCAEID SR ORI R

acg(R)\{ap}

If we take the optimal quantization points for the two new cells,
the new quantizer does not increase the quantization error. As
long as the entropy is lower than K we repeat this procedure.
Hence there exists a modified quantizer (also denoted by ¢)
satisfying

p(L-e)B _ (- H (@) < (9o

Dp®. (O

Note that (94) and (95) remain valid also for this modified quan-
tizer. Consequently

0 < Ce* < card(q) < e < . (98)

Thus we deduce

8(1_0[)1?, Ze(l—a)Hﬁ(fD — Z ﬂ,(q‘l(a))“
a€q(R)
> card(q) - p* > Cel'p”

which implies

pa < C—le—Re(l—“)R.

Together with (97) and R > log( 21—271) we obtain

6(17&)}?

(-0 H ()

e(lfa)R

e(1—a)R _ (6(17(1)1% _ 6(1*Q)Hﬂ'(fl))
< 6(1704)R
— e(l—a)R _ (21—a _ 1)pa
e(lfcy)R

< e(l—a)R _ (2170z _ I)CflefRe(lfa)R ’

99

In view of (99) and (98), we conclude that ¢ € Kpg, which
proves (26). O

Proof of Lemma 5.5: Recall (24) of constant C'. Fix k €
(0,C). Let Ry > 0 such that Cef — (m — 1) > xe™ for every
R > Rg. According Lemma 5.3, in the definition of Df (R) it
suffices w.l.0.g. to consider for & > I}y only those quantizers
q € Hp satisfying

sup{diam(¢~'(a) N 1) :a € ¢(R)} < diam(7)/2m. (100)

In view of Lemma 5.4 it suffices to show that for 2 > %y any
quantizer ¢ € Hg, that satisfies (100) can be modified such that
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the distortion of the new quantizer ¢ does not exceed that of ¢
and it satisfies ¢ € Kg(x) and

2inf{diam(§ *(a) N 1) :a € S(¢)}
> inf{diam(§ *(a)):a € A(G)}.

According to the upper bound (100) we always have A(q) #
¢.If S(g) = @, then the assertion is obvious. Hence, let S(q) #
(. Let us assume w.l.o.g. that u(¢~1(b)) > 0 and that (see
Lemma 2.3) ¢~ '(b) is an interval for every b € g¢(R). For
every o € S(q) let® # N(a) C q(R) \ {a} be the set
of neighbor points, i.e., for every b € N(a) we have either
sup g~ '(b) = inf¢~'(a) orinfg~'(b) = supq~'(a). Due to
(100) we know that N (a) N S(q) = . Moreover, N{a) C A(q)
and card(N(a)) = 2. Fix i, € {l,...,m — 1} such that
g '(a) C I, U, ;1. Because « € S(g), we have A; =
diam(q~'(a)N1;,) > 0and Ay = diam(q~'(a)N1;, 11) > 0.
Moreover, diamn(g~*(a)) = A; + As. Let b € N(a) such
that inf(¢~(a)) = sup(¢g~1(b;)) and let b, € N(a) such that
inf(q=1(b2)) = sup(g~'(a)). Next we will show that

inf(g *(a)) + % <a <inf(g l(a))+ A + %. (101)
To see this, one recognizes that ¢ has to be optimal for
1(-]g~1(a)). As a consequence (see, e.g., [9, Lemma 2.6 (a)]),
a € [inf(¢ '(a)),sup(g~'(a))]. Moreover, a has to be a
stationary point (see [9, Lemma 2.5]), which yields

/ |z — a|" ! du(z)
[inf(g = (a)),a]

= / lx — a|” ! du(z).
Jasup(g=* (a))]

Now let us assume that the first inequality in (101) does not hold.
Hence

(102)

a < inf(q ' (a)) + Ay /2. (103)

Note thatsup(I;, ) = inf ¢ 1(a)+A; and thatsup(I;, )+ A, =

ta

sup(g~1(a)). From (102) and Ay > 0 we get

[ o= ol dua)
Jinf(g=*(a)).a]

> / |z — al" ! du(x). (104)
Jla,inf g=1(a)+Aq]

Because the density of g is  constant on
[inf(q 1(a)),inf(¢ '(a)) 4+ A;] we obtain from
(104) that a > inf(q *(a)) + A1/2, which contradicts (103).
Thus we have proved the left inequality in (101). Similarly, we
deduce from A; > 0 and (102) the right inequality in (101).

Recall that j: has constant density on g~ 1(b;); 7 = 1, 2. Again
by stationarity (102) we obtain

by = inf ¢ ' (a) — diam(qg ' (b1))/2 (105)

and

by =infq '(a) + Ay + Ay + diam (g~ (b2))/2.
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Let A = A; 4+ As. Next we show that w.l.o.g. we can as-
sume 2A > min(diam(q 1(b1)), diam (g 1(b2))). Assume to
the contrary that

2A < min(diam(g~ (b)), diam (g~ (b2))). (106)

Then we have diam(q~1(b1)) > 2A > 2A;+A,, and applying
(105) we get

A
inf qil(a) — by > inf qil(a) + A+ TZ —inf qil(a).

Hence, (101) implies

infq *(a) — by > a —infq (a). (107)
Similarly we obtain
by —supq *(a) >supq ‘(a) - a. (108)
In view of (106) and by the definition of ;. we have
B g (00)) = dinm( b)) -,
>2A -8,
and
S 4 (02)) = il 82)) 540
>2A 8, 41-
Moreover,
dla%(l) wla H(a)) = Ausi, + Aosi, 1
<2A max{s;_, 8, 11}
Thus we obtain
wlq™ (@) < max(u(g~" (b1)), m(a™ (b2))) (109

as long as (106) holds. Thus, in view of (107) and (108), we
can modify ¢ by increasing the codecell ¢~1(a), which yields
a reduction of the quantization error and a non-increasing
entropy of ¢ (due to v < 0, as long as (109) holds, the entropy
is a non-decreasing function of the left endpoint of the cell
¢ 1(a) and a nonincreasing function of the right endpoint
of ¢'(a)). The codecell can be expanded this way until
2A = min(diam(g (b)), diam(q~1(b2))) holds. Note that
independent of this modification ¢ remains an element of Hg.
Thus we can assume w.l.0.g. that

2A > min(diam(g (b)), diam(g 1 (b2))). (110)
If ¢ € Kg(k), then the proof is finished. Hence, let us assume
that ¢ ¢ Kgr(x). We will show that ¢ can always be modified
such that the new quantizer belongs to K () and still satisfies
(110). We proceed as in the proof of (26). Let

W(g)={acq(R):p(q (o)) =max{nu(g~'(b)):b € A(g)}}.
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We subdivide one by one the cells ¢ !(a) with a € W(q) and
p = u(g *(a)) as in the proof of (26) in Lemma 5.4. Note,
that the entropy of the quantizer will exceed any given bound
if we repeat the subdivision process enough times. We stop this
process with a quantizer ¢ that satisfies (97). Now recall that
Cef' — (m — 1) > kel if R > Ry by the definition at the
beginning of the proof. Thus, with p = u(¢ (a)), we have

eI =0 > JA-IHI@) > (card(G(R)) — (m — 1))p®
> (Ce® — (m — 1)p* > welftp™.

Now the inequality e(1=*)% > mefp allows us to perform
steps identical to the ones in the chain of inequalities (99) and
we obtain that the quantizer belongs to K r (). Obviously, (110)
is still in force for ¢ and the proof is complete. O

APPENDIX C

Proof of Proposition 6.2: Foreveryi € {1,...,m} choose
a quantizer ¢; € Q for yi; with Hy, (¢;) < R;. Let

Ji ={a € ¢i(R) : u(g; H(a) N A;) > 0}
Let I; C N be an index set of the same cardinality as .J; and for
every k € I; choose a;, € ¢;(R) such that J; = {a;1 : k €
Ii}. Let

N =R\ U™, Uper, ¢; "(ai) N A;.

Note that z(N) = 0. Now we define the quantizer ¢ by the
codecells

(NYU{g; N aix)NAi:i=1,...,mk €I}

and corresponding codepoints

Note that despite our general assumption, the codepoints now
are not necessarily distinct. Recall the convention 0° = 0. Since
(V) = 0, the definition of H(q) yields

H,(q) =

: i = log (Z > plg; Maik) 0 Az‘)“)

i=1 kel;

1 - [e3 — o
11—« log Z 5 Z pil4; Ha))
i=1

i= a€q: (R)

1 m N
- log o p(1ma)HE (a) |
a8 (Zb’ ¢

i=1

Since Hp, (4;) < R;, weobtain in both cases (¢ < land o > 1)
that

Hi(q) <

1 T
| a (1-a)R;
1_alog<;sie )
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Now it is easy to check that H}(q) < R is satisfied if either
(29) or (30) holds. Further we deduce

Da(R) /|T—q )" du()

-3 . / &~ ()" dpala)
i=1 A

= Z S.I;D,lv,; (qi)'
i=1

Taking the infimum on the right hand side of above inequality
yields the assertion. O

Proof of Lemma 6.3: From Definition 6.1 we have s €
(0,1).Let R > 0 and 6 > 0. Let ¢ € Q with H(q) < I? and
6+ Di(RR) > Dy(q). We obtain

8+ Dj(R) > Dyu(q) 2 /lzfq ) dpig (). (111)

Since & € [0, 1), we deduce

R>H(q)

5 (zw(q-l(a»)
acq(R) \i=1

> otog( X Gl )"

acq(R)

lc
11—« 08

@ (83
=T log(s) + Hy ().

Because 6 was arbitrary we get from (111) that

0%
o on(s))

R— 12 log(s))

DS(R) > sDi (R -

which yields

BDY(R) > ser(1%7 108() o1 (

o o« o
Dy (R 1 log(.s))
— a2 er(Rfﬁ log(s))
o o .
Dy <R 1w log(s))

and therefore proves (32).
Now let € [0,7+ 1) \ {1} and fix Ry > 0, such that

Ry > max{—log(t;) : i

Forany R > Ry let R; = R +log(t;) > 0,i=1,...,m. We
obtain

m

23?6(1704)1%1 — 6(170¢)R

i=1
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if o € [0 r 4+ 1) \ {1}. Indeed, (112) is equivalent to
S %17 = 1. But this equation is satisfied by the defini-
tion of £;. Applying Proposition 6.2 we obtain

D(R) <Dy (Rig)+ > 8Dt (I).
i=15izig
Thus we can compute

m

< 6"’R5Dﬁ7¢0 (Riy) + Z
i=Lyiig
— ) D, (1)

D

"D (R) s D2 (R;)

el'(R—R,;)Sie'I‘R,jD::i (RL)

i=lji#ig
— Sti—o'r'erﬁ’m DIKI%O (Rm)
+ Y st e FDn () (113)
i=15iio

Because all terms in (113) are nonnegative we obtain (33). [

APPENDIX D

Lemma D.2: Letm € Nand Y./" s, = 1 withs; > 0
for every i € {1,...,m}. Let the probability measure j be
supported on a bounded interval I such that y = >0 | s;U(I;)
where the I; are intervals of equal length A(1)/m. that partition
I.Leta € (—oc,0) and (R, )nen be an increasing sequence of
positive numbers such that R,, — oo asn — oc. Then for every
sequence (¢, )nen of quantizers with ¢, € Gr, , (49) holds.

Proof: Recall from (27) and (28) the definition of A{q) and
S(q). Foranyn € N

c(1-0)H? (g)

ZaEA(qn) U(q"jl(a’))a
_ Laeatn M@ (@)™ + Laesign) Man (@)
Z(LEA((],L) /l’(qgl(a))ﬂ

1<

<1 4 @rd(S(a.)) ~Sup{u(q;1(ti))“ ta € S(gn)}
2 ac A Hlan (a))®
1y Splele (@) o € S(gn)}
O T e Fa (@)
oy (0) € S(g)))°
=1+ ( 1) ZGEA((]”) /1,((];1((1,))a . (114)
Now let

h1 = Inin{)\(;)i/m (i€ {1,...,m}} >0

and

R si
19 = Mmax N
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Since ¢, € Gr, , we have

1<14 (m—1){h/2)"
. (min{diam(q,, 1(a)) : a € A(g,)})®
ZaeA(qn) p(gn t(a))™
<1+ (m—1){h1/2h2)"
' (min{diam(q, 1 (a)) : a € A(gn)})* .

- — (115)
ZaEA(q,,,) dlanl(q” 1(“))(‘1
Fixi=i(n) € {1,...,m} and b € A(q,) N I; such that
diam(g, 1 (b)) = min{diam(q,, *(a)) : a € A(g,)}. (116)

From Proposition 7.2 and by [9, Example 5.5] we know that
all codecells g, 1(a) with a € A(g,) N I; can be assumed
to have equal length. Because ¢,, € Gr, C Kg, we ob-
tain lim, o HS(g,) = oo. In view of (116) we thus get
card(A(g,) N I;) — oc asn — oo. From (114) and (115) we
deduce

(1) HE (4,)

= St i )

(m — 1)(h1/2ho)*(diam(q,, 1(b)))*
Y ae (g, diam(gn (@)

(rm — 1)(h1/2ho)™

1

<1+

1 ,— oc. (11
card(A(g,) N 1I;) —las n—oo (117)
Again from gq, € GRr, C Kr, we have
limy, oo et —HLta)) = 1 which yields to-
gether with (117) the assertion. O

Letrn > 2 and 81, ..., 8y € (0,1)™ with 3", s; = 1. For

(01, 0m) € (0,00)™ and &« € (—oc, 00) \ {1} we define
F(oy,...,0m) = Z siv; "
i=1

_ 1
and set ¢; = 5./ (Z}';l 5;’1) T i=1,...,masin(31).

Lemma D.3: If & € (—0,1), then

Flty, ... tw)
= inf{F(UL ces ) (U1, um) € (0,00)™;
sSol T = 1}.
i=1
1

Proof: Letx; = sfv; “. We calculate

v; = (misf‘”)ﬁ

I
L
|
3
5 3
=
-
|
jd
I
)
—_
5
[
3
~—
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Applying [9, Lemma 6.8] we deduce that (7 attains its minimum
on (0, 00)™ subject to the constraint Y., x; = 1 at the point

(Y1, -, Ym) With
1
( la+(\r) @
S — -
z a1
Yi = = %
Yi = 1 - ™ a1
Ceta "8
S Sl = e 2=
=1\ %
foreveryi € {1,...,m}.Hence, F attains its minimum subject

1—a

to the constraint 221 s¢v; " =1 at the point (wy, ..., W)
with w; = (y;s; )T foreveryi € {1,...,m}. We deduce

2

11—(y+(>r‘ (11—(1)"
— =7 — — T
Wi = 83 85 _ 5

i = —1 S s

s (TR
j=1\ %
which yields w; = ¢;. O
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